Two delay-coupled semiconductor lasers are studied in the regime where the coupling delay is comparable to the time scales of the internal laser oscillations. Detuning the optical frequency between the two lasers, novel delay-induced scenarios leading from optical frequency locking to successive states of periodic intensity pulsations are observed. We demonstrate and analyze these dynamical phenomena experimentally using two distinct laser configurations. A theoretical treatment reveals the universal character of our findings for delay-coupled systems. DOI: 10.1103/PhysRevLett.94.163901 PACS numbers: 42.55.Px, 02.30.Ks, 05.45.Xt, 42.65.Sf The concept of coupled nonlinear oscillators has proven to be extremely successful in order to understand complex systems in all fields of science. Synchronization and resonance phenomena are common features of those systems [1, 2] . In recent years, the role of delay, arising from a finite propagation time of the coupling signals, has become a focus of interest. Specific implications are the occurrence of multistable synchronization [3, 4] , symmetry breaking [5], or amplitude death [6] .
The concept of coupled nonlinear oscillators has proven to be extremely successful in order to understand complex systems in all fields of science. Synchronization and resonance phenomena are common features of those systems [1, 2] . In recent years, the role of delay, arising from a finite propagation time of the coupling signals, has become a focus of interest. Specific implications are the occurrence of multistable synchronization [3, 4] , symmetry breaking [5] , or amplitude death [6] .
Semiconductor lasers (SLs) are ideal candidates for studying delay-coupled nonlinear oscillators. Modern processing technology allows one to build SLs with exactly defined properties. Single-mode operation up to high pump currents is generally achieved, especially for distributed feedback (DFB) lasers. The parameters relevant for the coupling like spectral detuning, coupling delay, and strength can be tuned over a wide range. The nonlinear properties of the solitary SL are well studied. Furthermore, recent studies on SLs under passive optical feedback with short delay have revealed novel dynamical scenarios [7] [8] [9] [10] that provide a suitable starting point for elucidating the more complex case of interacting lasers.
The time scale governing the dynamics of a solitary SL is given by the period RO of the relaxation oscillations of the carrier-photon system. This period is typically in the range of a few 100 ps. The coupling delay results from the propagation of the optical fields between the spatially separated lasers. In the long-delay limit RO , a complex behavior comprising low frequency fluctuations and chaos synchronization in conjunction with symmetry breaking has been observed [5] . Here, we concentrate on the regime of short delays in order to unveil the fundamental instabilities in these systems. Two configurations of coupled DFB lasers are experimentally investigated. The free-space configuration (FSC) allows for a spatial separation of the lasers corresponding to a delay ' RO . The case of ultrashort delay RO is realized by an integrated tandem device (ITD) where both lasers are arranged on a single chip. We find qualitatively the same dynamics for both configurations underlining the universal nature of the observed phenomena and provide deeper insight by a theoretical analysis, comprising both a device-specific treatment as well as a generic model for delay-coupled oscillators.
A scheme of the FSC is shown in Fig. 1(a) . Two deviceidentical 1540 nm single-mode DFB lasers grown on the same wafer have been selected. The light output of each laser is collimated, passes a 50=50 beam splitter, and is injected into its counterpart. The extracted power is used to measure the optical spectra and the intensity dynamics of both lasers. The detection branches are separated from the coupled lasers by two optical isolators. The lasers are temperature stabilized to better than 0.01 K. Their emission wavelengths under solitary operation agree within 0.05 nm, the threshold currents within 1%, and the relaxation oscillation frequencies within 5%, respectively. The linewidth enhancement factor of amplitude-phase coupling, measured according to [11] , is 2 for both SLs. The freerunning frequency of each laser can be tuned by temperature variation following a linear function with ÿ12:1 GHz=K. The optical path length d 51 1 mm between the devices results in a delay of 170 3 ps. We estimate that a few percent of the emission power of each laser is injected into its counterpart. The ITD consists of two DFB lasers, each 220 m long, separated by a 300 m long passive waveguide section [ Fig. 1(b) ]. The coupling in the ITD is distinctly stronger, as about 50% of the field intensity passes the passive section. Irrespective of the stronger interaction, owing to a specific grating design, both lasers of the tandem operate always single mode. Current induced heating changes the refractive index in the device sections. Thus, the emission wavelengths of the lasers can be selectively detuned by asymmetric current pumping. The length of the passive section defines a delay of only 3:5 ps.
We have systematically studied the emission properties of the coupled system as a function of the spectral detuning f between the lasers. In the FSC, described first, great care has been taken to verify that the phenomena discussed below are due to coupling and not due to passive reflections. The lasers are pumped at 60 mA, being 6.5 times the threshold current. For these conditions, the frequency of relaxation oscillations is extrapolated to be about 15 GHz. The temperature of one laser-in the following denoted as the detuned laser -is changed in small steps covering a range of ÿ20 f 20 GHz. The width of each step is 330 90 MHz which gives the resolution of the detuning. The other laser-in the following called the stationary laser -is kept at constant temperature. For each detuning step, optical spectra of both lasers, as well as the power spectrum of the detuned laser have been recorded simultaneously. The data -summarized in Fig. 2 -reveal two regimes of operation. For small detuning (ÿ 4:1 GHz < f < 7:0 GHz), the lasers lock onto a common optical frequency. In this regime, the emission is stable. We observe locking on three different modes of the coupled laser system. In the second regime, the lasers unlock. For large detuning, the stationary laser emits on its free-running frequency. The optical frequency of the detuned laser behaves discontinuously and follows a staircase with a slope close to the nominal detuning. In the range jfj * 10 GHz, the average spectral separation between adjacent steps of 2:8 0:4 GHz agrees very well with the roundtrip frequency 1=2 2:9 0:1 GHz. For smaller detuning, this separation decreases to 1.7 GHz. In Fig. 2 , the detuning was continuously varied from negative to positive.
In the unlocked regime, the output of both lasers oscillates periodically. The peaks occurring in the power spectra are equal to the spectral separation of the optical emission frequencies (see Fig. 2 ). Two detuned oscillators would also give rise to periodic intensity modulations in the absence of delay, however, without the characteristic staircase discontinuities. Moreover, the presence of higher harmonics in the power spectra signifies that the oscillations are anharmonic, excluding also simple linear beating as the origin. Time series taken on the first stair in the unlocked regime uncover a characteristic phase shift between stationary and detuned laser depending on their detuning. As seen in Fig. 3 , the phase difference changes continuously from about zero to from one end of the stair to the other. This finding is indicative of a mode change when jumping from one stair to the next.
The ITD exhibits qualitatively the same behavior. On the stationary laser section, the pump current is fixed, while the bias on the detuned laser is increased in steps of 0.5 mA. Except for small current ranges, two sharp peaks dominate the optical spectrum [ Fig. 4(a) ]. The second peak appears already at about 18 mA, i.e., below the 25 mA solitary threshold, owing to optical pumping by the other laser. Whether the synchronization at smaller biases is frequency 
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163901-2 locking or caused by switching off one laser could not be distinguished experimentally. The overall shift of 2.2 nm seen for the detuned laser is consistent with that of solitary lasers from the same wafer. The peak associated with the stationary laser also moves slightly due to thermal cross talk. We emphasize that both emission lines have comparable strength although the spectrum is recorded from only one side of the tandem. Thus, the field of each laser propagates to the opposite facet without significant attenuation. The resultant intensity oscillations are hence more pronounced than in the FSC. Their frequencies monitored by the power spectra and the line separations in the optical spectra agree within the 50 GHz bandwidth of the ESA [ Fig. 4(b) ]. The step separation in the optical spectra are again close to the round-trip frequency of 1=2 140 GHz defined by the passive section. We conclude that discontinuities of this kind are a common feature of mutually interacting lasers with short delay.
Multistability has been predicted as a general consequence of delay for the phase-synchronization of weakly coupled oscillators [3, 4] . However, the regime where the oscillators unlock has not yet been elucidated. In our subsequent theoretical analysis, we present first a specific treatment for lasers, followed by a study of two delaycoupled phase oscillators, demonstrating the universal character of the above observations. Each DFB laser is treated within the well elaborated frame of the traveling-wave equations complemented by rate equations for the carrier density (see, e.g., [10] ). The optical fields of the lasers, both operating above threshold, are related by
The complex coupling constant K incorporates attenuation and phase shift of the amplitude E in k injected in laser k 1, 2 relative to the field E out k 0 emitted from the opposing edge of the other laser k 0 3 ÿ k. A numerical solution for the parameters of the FSC is depicted in Figs. 5(a) and 5(b) . The main features of the experiment -synchronization close to zero detuning as well as the staircase structure for larger detuning-are, indeed, well reproduced. Also multistable locking on different cavity modes appears similar to Fig. 2(a) . In contrast, the scenario without delay is rather conventional: the two frequencies behave continuously and their splitting increases square-root-like when synchronization is lost.
The cavity modes of Fig. 5 (a) and 5(b) are calculated by using time-averaged carrier densities. Obviously, these average-cavity modes dictate the stair positions, even though the density exhibits considerable dynamics in the beating regime. At each laser facet, input and output fields associated with a compound-cavity mode of frequency ! are related by
The DFB enters by its inverse amplitude reflectivity q k [9] . Without coupling, q 1 q 2 0 determines the thresholds of the solitary lasers. For weak coupling, q k can be linearized. Combining Eqs. (1) and (2) 
where ! 0k denote the eigenfrequencies of the uncoupled system and G k are the mean gain deviations from the solitary thresholds. The coupling rate K=@ ! q k combines internal and external feedback. If the detuning is large compared to , there exists a pair of real solutions 1 ; G 1 and 2 ; G 2 , k ! k ÿ ! 0k , obeying in lowest order of
with k e ÿ2i! 0k 2 =! 0k ÿ ! 0k 0 . On a certain stair, two modes of the compound cavity are close to threshold and give rise to intensity oscillations. At the stair edge, the frequency-gain constellation becomes unstable and a jump to the next mode pair occurs. The feedback phase arg 2 ÿ2! 02 of the detuned laser is changed by 2 within the tuning range of one round-trip frequency, consistent with the experimentally observed step separation. With the linearized q k , Eqs. (1) and (2) yield ' ÿ! 01 ! 02 for the phase shift between the pulsations of the lasers. This quantity, again in full accord with the experimental data, changes by across one stair. The structure of Eq. (4) is reminiscent of that of a single laser subjected to external optical feedback [8] . The total device undergoes, indeed, a self-organization in such a way that each laser acts as a feedback element for its counterpart. A single feedback laser, however, would operate continuous wave at the coupling strengths of the present configurations. The dynamical instabilities are therefore crucially correlated with the active character of the oscillators involved. The findings reported above reveal, in fact, the fundamental synchronization scenario under delay coupling. To demonstrate this, we consider finally the generic case of two phase oscillators k 1; 2
with ' k 0 ' k 0 t ÿ [3] . The coupling term is the same as for the phase coupling of optical fields, while an internal nonlinearity is absent (G k 0). Numerical integration yields asymptotically periodic solutions. Strikingly, as seen in Figs. 5(c) and 5(d), their frequencies exhibit qualitatively the same detuning characteristics as the lasers. Particularly instructive is the case of symmetric detuning ! 02 ÿ! 01 =2, where all solutions examined numerically obey ' 2 t ' 1 t const. Making this ansatz, the closed equation
follows for ' 2 '
2 , which generalizes the delayfree Adler equation [1] . Solutions with frequencies being integer multiples of 1=2 define representative points in the system dynamics. Here, because of m, the coupling for (not ' k ) is either zero (m odd) or delayfree (m even). With increasing , the system meanders between those limits [ Fig. 5(d) ]. Branches with a negative slope are unstable, providing the staircase feature. It is exactly this kind of self-organization in the phase relation between the oscillators that governs the synchronization. For lasers, the phase dynamics translates into mode changes. In addition, the internal carrier nonlinearities give rise to an extra, more complex amplitude dynamics.
In conclusion, we have reported on multistable synchronization and self-sustained amplitude pulsations with staircase-type discontinuities of two interacting oscillators.
